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Abstract
We prove that the conclusion of a result of Kirk and Saliga (J. Comput. Appl. Math. 113 (2000) 141, Theorem 4:3, p.
149) remain valid for a wide class of contractive gauge functions. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
Recently, Kirk and Saliga have proved the following theorem (see [2], Theorem 4:3, p. 149).
Theorem A (Kirk and Saliga [2]). Let (M; d) be a complete metric space and suppose T :M → M
has bounded orbits and satis*es: there exists ¡ 1 such that
d(Tx; Ty)6  diam(O(x; y)) for all x; y∈M: (K,S)
Then T has a unique *xed point z ∈M; and limc→0+ diam(Lc)= 0: Moreover for each sequence
{xn} ⊂ M ; limn d(xn; Txn)= 0 if and only if limn xn = z.
Here, O(x; y)=O(x)∪O(y); where O(x) := {x; Tx; T 2x; : : :} for all x; y∈M ; and Lc :=
{x∈M :F(x)6 c} for all c¿ 0; where F(x) :=d(x; Tx) for every x∈M: It was noticed in [2] that
F is an r.g.i. on M: We recall (see [1]) that a function G :M → R is said to be a regular-global-inf
(r.g.i.) at x∈M if G(x)¿ infM (G) implies there exist ¿ 0 such that ¡G(x)− infM (G) and a
neighborhood Nx of x such that G(y)¿G(x) −  for each y∈Nx: If this condition holds for each
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x∈M; then G is said to be an r.g.i. on M: To prove Theorem A, the authors have used the following
result of Walter (see [3]).
Theorem B (Walter [3]). Let (M; d) be a complete metric space and suppose T :M → M has
bounded orbits and satis*es the following condition:
d(Tx; Ty)6(diam(O(x; y))) for all x; y∈X; (W)
where  is a contractive gauge function on M . This means that  :R+ → R+ is continuous;
nondecreasing and satis*es (s)¡s for all s¿ 0. Then T has a unique *xed point z ∈M; and
limk→+∞ Tk(x)= z for each x∈M:
A natural question was addressed by Kirk and Saliga in [2]. Does the conclusion of Theorem A
remain valid under the weaker assumption of Theorem B? A Frst answer is given by the following.
Let 1 be the set of contractive gauge functions  satisfying, (s)¡s; ∀s¿ 0; for some given
∈ [0; 1[: Then the conclusions of Theorem A are true for functions  in the class 1: The aim of
this paper is to bring a partial response to the question addressed above by introducing a wide class
of contractive gauge functions for which the answer of this question is yes but their case could not
be directly handled with Theorem A.
2. Main result
2.1. Let  be the set of continuous functions  :R+ → R+ such that  is nondecreasing on R+ and
such that the mapping x 	→ x − (x) from [0;+∞[ onto [0;+∞[ is strictly increasing. We notice
that each element  in  is a gauge function and that 1 is strictly contained in : Indeed, we can
give examples of elements in \1:
Example 2.2. Let a¿ 0 be a given number. For each s¿ 0; we set a(s) := as=(s+a) and a(s) :=
s−a(s)= s2=(s+ a): Then a is a gauge function and moreover a is a strictly increasing bijective
mapping from R+ onto itself. Let us denote its inverse by  a: Then  a is given by  a(s)= (s+√
s2 + 4as)=2; for all s¿ 0: It is easy to verify that a ∈ 1: Indeed, there exists no number  in
[0; 1[ such that a(s)6 s for all s¿ 0:
The following theorem is the main result of this short communication.
Theorem C. Let (M; d) be a complete metric space and suppose T :M → M has bounded orbits
and satis*es the following condition:
d(Tx; Ty)6(diam(O(x; y))) for all x; y∈M; (W)
where ∈: Then
(1) T has a unique *xed point z ∈M; and limk→+∞ Tk(x)= z for each x∈M:
(2) limc→0+ diam(Lc)= 0:
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(3) For each sequence {xn} ⊂ M ; limn d(xn; Txn)= 0 if and only if limn xn = z.
(4) The map F : x 	→ d(x; Tx) is an r.g.i. on M:
Proof. Let ∈ and let  denote the inverse of the strictly increasing mapping s 	→ s − (s) on
the interval [0;+∞[: Then (1) is a consequence of Theorem B. To prove (2) and (3), we shall
prove the following property:
∀j¿ 0; ∀u∈M; d(u; T (u))6 j⇒ d(u; z)6 j+  (j): (P)
The general line of argument used here follows [2]. Let j¿ 0 and suppose d(u; T (u))6 j: Then
since T (z)= z;
d(u; z)6d(u; T (u)) + d(T (u); T (z))6 j+ (diam(O(u) ∪ {z})):
The proof of property (P) will be Fnished by showing that (diam(O(u)∪{z}))6  (j): To simplify
the notations, we set  := diam(O(u) ∪ {z}): We consider two cases.
(a) diam(O(u)∪ {z})= supp d(Tp(u); z): In this case let  ¿ 0 be arbitrary and choose p so that
supp d(T
p(u); z)6d(Tp(u); z) +  : Then if p=0; we have
diam(O(u) ∪ {z})6 d(u; z) +  
6 d(u; Tu) + d(Tu; Tz) +  
6 j+ (diam(O(u) ∪ {z})) +  ;
from which we get − ()6 j+  : On the other hand, if p¿ 1;
diam(O(u) ∪ {z})6 d(Tp(u); T (z)) +  
6(diam(O(Tp−1(u) ∪ {z})) +  
6(diam(O(u) ∪ {z})) +  :
Hence, we get −()6  : Therefore, in the two cases, we obtain −()6  +j; from which (since
 ¿ 0 is arbitrary) −()6 j: Since by assumption the function t 	→ t−(t) is strictly increasing
on [0;+∞[ having  as inverse we obtain 6  (j): It follows that ()6 ◦  (j)6  (j):
(b) diam(O(u)∪{z})= supp d(Tp(u); u): Since limp d(Tp(u); u)=d(z; u); if one has supp d(Tp(u);
u)= limp d(Tp(u); u) then
diam(O(u) ∪ {z})=d(z; u)6 d(u; Tu) + d(Tu; Tz)
6 j+ (diam(O(u) ∪ {z})):
Thus we get − ()6 ; which gives as before ()6  (j): Hence we may assume there exists
q¿ 1 such that diam(O(u) ∪ {z})= diam(O(u))=d(Tq(u); u): In this case we have
diam(O(u) ∪ {z}) = diam(O(u))=d(Tq(u); u)
6 d(u; T (u)) + d(T (u); T q(u))
6 j+ (diam(O(Tq−1(u)) ∪ {u}))
6 j+ (diam(O(u))):
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Thus the number =diam(O(u)∪{z}) satisFes −()6 j: It follows as before that ()6  (j):
Therefore, taking all cases into account, we have
d(u; T (u))6 j⇒ d(u; z)6 j+  (j):
Thus we have proved the property (P). We deduce
u; v∈Lj ⇒ d(u; v)6d(u; z) + d(v; z)6 2(j+  (j));
and since limj→0+  (j)= 0 this proves (2) and (3). To prove (4), we use Proposition 1:2 of [2] and
the property (P). This completes the proof of Theorem C.
Remark 2.3. (a) To obtain the results of Theorem C, we need only to suppose that s 	→ s−(s) is
strictly increasing on some given interval of the type [0; $] (with $¿ 0).
(b) It is easy to see that all the conclusions of Theorem C are valid for every nondecreasing
continuous function  :R+ → R+ for which there exists a number $¿ 0 and a positive function  
deFned on ]0; $] verifying:
(i) limt→0  (t)= 0; and
(ii) ∀t ∈ ]0; $]; ∀s¿ 0; s− (s)6 t ⇒ s6  (t):
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